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ABSTRACT
Slow waves are commonly observed on the entire solar atmosphere. Assuming a thin
flux tube approximation, the cut-off periods of slow-mode magneto-acoustic-gravity
waves that travel from the photosphere to the corona were obtained in Costa et al.
(2018). In that paper, however, a typo in the specific heat coefficient at constant
pressure cp value led to an inconsistency in the cut-off calculation, which is only
significant at the transition region. Due to the abrupt temperature change in the
region, a change of the mean atomic weight (by a factor of approximately two) also
occurs, but is often overlooked in analytical models for simplicity purposes. In this
paper, we revisit the calculation of the cut-off periods of magneto-acoustic-gravity
waves in Costa et al. (2018) by considering an atmosphere in hydrostatic equilibrium
with a temperature profile, with the inclusion of the variation of the mean atomic
weight and the correction of the inconsistency aforementioned. In addition, we show
that the cut-off periods obtained analytically are consistent with the corresponding
periods measured in observations of a particular active region.
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1 INTRODUCTION
Magnetohydrodynamic oscillations and waves are ubiquitous in the solar atmosphere, from the photosphere up to the corona,
and they show a wide range of periods. Changes in plasma parameters, e.g. density, temperature and magnetic field, influence
the propagation of such waves affecting their physical properties as intensity, propagation speed and mode conversion.
In particular, the presence of slow magneto-acoustic-gravity waves (MAG waves, hereafter) guided by the magnetic field
is supported by increasingly observational evidence in different atmospheric structures, e.g. photospheric flux tubes (Roberts
& Ulmschneider 1997), sunspots (Khomenko & Collados 2015; Madsen et al. 2015; Freij et al. 2014; Jess et al. 2013), coronal
loops (King et al. 2003) and coronal plumes (Nakariakov 2006). These oscillations are also used to estimate the formation
heights of different emission spectral lines. As a result of the analysis of 3 minute oscillations detected in observations from
the Atmospheric Imaging Assembly instrument (AIA, Lemen et al. 2012) on-board the Solar Dynamic Observatory (SDO,
Pesnell et al. 2012), Deres & Anfinogentov (2015) found that the formation heights of the corresponding spectral lines are
consistent with models of the sunspots umbra involving strong temperature gradients of the type used in this paper (e.g.,
Fontenla et al. 2009). Meanwhile the lower atmospheric magnetic structure is frequently believed to be mostly formed by small
magnetic flux tubes of circular cross-section emerging from the photosphere and expanding upwardly in the corona (Solanki
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2 Zurbriggen et al.
et al. 2006). The photosphere and chromosphere are known to be dominated by acoustic-gravity waves with observed short
periods of ∼[3–5] min. Whereas in the lower corona a wider range of periods are present (up to about 80 min –e.g., Sakurai
et al. 2002–), short periods ([3–5] min) have also been detected in certain coronal structures, e.g., coronal loops and intense
magnetic flux tubes (Reznikova et al. 2012; Jess et al. 2012; Srivastava & Dwivedi 2010). A rich range of periods are found in
sunspots, the periods becoming larger as the distance from the sunspot umbra increases; a likely result of the influence of the
magnetic field (Madsen et al. 2015; Yuan et al. 2014; Jess et al. 2013; Bogdan & Judge 2006).
The cut-off frequency of an oscillating system is the frequency at which the wave becomes evanescent, incapable of
transporting energy. Lamb (1932) showed that this cut-off frequency may be the result of the natural response of the solar
atmosphere to disturbances and interpreted the observations as the normal mode oscillations of the system. The cut-off
frequency for MAG waves in an isothermal medium with a uniform magnetic field have been studied by several authors in the
past, e.g., Roberts (2006); Zhugzhda & Dzhalilov (1984); Thomas (1982).
The thin flux tube model proposed by Roberts & Webb (1978) has shown to be appropriate to study propagation of
long-wavelength slow MAG waves in the solar atmosphere. By means of this approximation it is possible to obtain the wave
equation and the cut-off frequency for slow modes in a vertical magnetic flux tube. More recently, Afanasyev & Nakariakov
(2015) calculated coronal cut-off frequencies considering a divergent magnetic flux tube in an isothermal corona. Following
this approach, Costa et al. (2018, hereafter C18) studied a flux tube expanding from the photosphere to the corona that
included a varying magnetic field, a non-isothermal temperature and a gravitationally stratified atmosphere. As Lamb (1932),
we interpreted the obtained monochromatic oscillations as the response to perturbations at the natural frequency of the solar
atmosphere and suggested that the coincidence between atmospheric and heliospheric frequencies (e.g., p-modes) could be the
result of an evolving process rather than the consequence of a force applied at the base of the photosphere. As Afanasyev &
Nakariakov (2015), C18 explained the observed abundance of periods between ∼[15–80] min in the corona, and also explained
the short periods of ∼[3–5] min detected in the phostosphere.
The cut-off calculation of C18 has, however, an inconsistency due to a typo in the value of the specific heat coefficient cp
(at constant pressure), which is mainly significant at the transition region and may be appreciated in the maximum period
values of their figure 4. In the present work we fix the inconsistency, revise and improve the scenario allowing the mean atomic
weight to vary, and compare our analytical results with measurements of photospheric and coronal periods in an active region.
The mean atomic weight initially represents a weakly ionised photosphere, then varies with height through the transition
region, and ends representing a fully ionised corona. One important consequence of taking into account a varying mean atomic
weight is that the variation of the equilibrium atmospheric density profile is accurately considered. Our model assumes a
(steady state) temperature stratification with height, and does not include the detailed balance between heating and cooling
processes. In other words, the model assumes that the heating/cooling timescales are much shorter than the time variation
of the other physical quantities (see discussion in Zavershinskii et al. 2019). We must note that we are also restricting our
modelling to ideal (neither viscous nor resistive) processes alone. This could potentially affect the propagation of waves in the
plasma, but that is beyond the scope of this work. For instance, we have considered the variations of the mean atomic weight
with height due to the change in ionisation fraction, but we neglect the effect of ambipolar drift which would act as a source
of viscous damping of the waves (Khomenko 2017).
Finally, an explicit expression of the cut-off frequency is provided as general as possible in the framework of the approxi-
mations assumed, valid for an arbitrary equilibrium atmosphere considering a thin flux tube model.
2 WAVE EQUATION AND CUT-OFF PERIOD
Here we study the cut-off period of slow MAG waves propagating outwards from the photosphere to the lower corona within a
flux tube. Considering the thin flux tube approximation we derive a Klein-Gordon equation that explicitly contains the cut-off
frequency. This approximation describes the plasma dynamics in an intense, straight, untwisted and non-rotating flux tube.
Given the wave characterisation we are addressing, we neglect dispersion effects caused by the finite radius of the flux
tube. In other words, the flux tube is assumed narrow, in the sense that the radial scale variation R is negligible with respect to
the vertical scale-length L (i.e. R/L  1). For this, a first non-zeroth order Maclaurin radial expansion for the MHD equations
is valid (see the discussion of Zhugzhda 1996). The wave-guiding condition of these plasma structures imply that the slow
MAG modes manifest themselves as tube modes. The plasma contained in the tube is compressible, without a steady flow, in
hydrostatic equilibrium with a stratification in the vertical direction that includes a temperature profile and a varying mean
atomic weight.
The procedure is as follows: a system of cylindrical coordinates (r, ϕ, z) for the radial, azimuthal and vertical (outward
from the sun surface) directions is used. Within the general set of ideal MHD equations with a gravitational field in the z-axis
we set the following assumptions: (i) the flux tube is narrow; (ii) not twisted, therefore it has azimuthal symmetry; (iii) the
magnetic field outside the tube is negligible compared with that in the flux tube (magnetically intense). Also the perturbations
in the external medium are assumed negligible only supporting evanescent disturbances (Roberts & Webb 1979).
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With this considerations, the classic thin flux tube approximation provides a set of 1.5D MHD equations, which expressed
in the variables (ρ, p, u, B), is given by:
∂ρ
∂t
+ 2ρv +
∂
∂z
(ρu) = 0,
ρ
(
∂u
∂t
+ u
∂u
∂z
)
= − ∂p
∂z
− ρg,
∂B
∂t
+ 2vB + u
∂B
∂z
= 0,
∂p
∂t
+ u
∂p
∂z
=
γp
ρ
(
∂ρ
∂t
+ u
∂ρ
∂z
)
,
(1)
where ρ is the mass density, p the thermal pressure, u the longitudinal (vertical) component of the plasma velocity, v the radial
component of the velocity, g the solar surface gravity acceleration (assumed constant, in the z direction), B is the longitudinal
component of the magnetic field and γ = 5/3.
In this study a general z-dependent ideal equation of state is assumed,
p(z) = Rg ρ(z)T(z)
µ(z) , (2)
with T being the temperature, µ(z) the mean atomic weight and Rg the gas constant.
Let us consider linear perturbations of Eqs. (1) around an equilibrium state as:
ρ(z, t) = ρ0(z) + ρ1(z, t),
p(z, t) = p0(z) + p1(z, t),
Bz (z, t) = B0(z) + B1(z, t),
v(z, t) = v1(z, t),
u(z, t) = u1(z, t),
(3)
where the subscript 0 stands for the equilibrium state, and 1 for the equilibrium departures. Note that v0(z) and u0(z) are
assumed to be zero. To simplify the notation we will use simply u1 ≡ u and v1 ≡ v.
Replacing Eqs.(3) into Eqs.(1) and keeping only first-order terms, after some rearrangement the set of equations is reduced
to:
B0
4pi
∂B1
∂t
+ c20
∂ρ1
∂t
− up′0 + c20uρ′0 = 0, (4)
ρ0
∂u
∂t
+ ρ1g − B04pi
∂B1
∂z
− B1
4pi
B′0 = 0, (5)
ρ0
∂B1
∂t
+ ρ0B
′
0u − B0
∂ρ1
∂t
− B0ρ′0u − B0ρ0
∂u
∂z
= 0. (6)
The prime symbol (′) denotes differentiation with respect to height (≡ d/dz).
Finally, a wave equation for the longitudinal speed u is obtained combining the time derivative of Eq. (5) with the spatial
derivative of Eq. (6) and grouping the terms with u and ∂u/∂t:
∂2u
∂t2
− c2T
∂2u
∂z2
+ K1(z) ∂u
∂z
+ K2(z)u = 0. (7)
where
c20 =
γp0
ρ0
, VA =
B0√
4piρ0
, cT =
c0VA√
c20 + V
2
A
, (8)
are the equilibrium sound speed, Alfve´n speed and tube speed, respectively. The K1(z) and K2(z) functions are:
K1 = c
2
T
V2A − c20
V2A + c
2
0
B′0
B0
+ gγ
c4T
c40
,
K2 = c
2
T
B′′0
B0
− c2T
V2A − c20
V2A + c
2
0
(
B′0
B0
)2
+ g
c4T
c40
(
3
c20
V2
A
+ 1 − γ
)
B′0
B0
+
c2T
V2A
N2 + γg2
c4T
V2Ac
4
0
.
(9)
In this case the equilibrium Brunt-Va¨isa¨la¨ frequency N is:
N2(z) = g
(
1
γ
p′0
p0
− ρ
′
0
ρ0
)
≡ (γ − 1)g
2
c20
+ g
(
c20
) ′
c20
. (10)
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In summary, Eq. (7) establishes the longitudinal dynamic of slow waves in thin magnetic flux tubes allowing the temperature,
density, mean atomic weight and magnetic field to vary from the photosphere to the corona.
In order to get the cut-off period, the wave Eq. (7) is reduced to a Klein-Gordon form (the reader is referred to APPENDIX
A for further details). Then, the resulting cut-off frequency squared is given by:
ω2u(z) = −c2T
(
ψ′
)2 − c2Tψ′′ + K1ψ′ + K2, (11)
where ψ′ = K1/(2c2T), and the cut-off period is P(z) = 2pi/ωu(z) (see Eq. A3).
For completeness, we analyse some special cases of the wave Eq. (7). If we consider a constant mean atomic weight, µ′ = 0,
we obtain the expression for equation 7 of C18. Although at first glance this assumption does not seem to have an explicit
effect on the actual Eq. (7), it implicitly does through the sound speed c0 value, as can be appreciated from the identity(
c20
) ′
c20
=
T ′0
T0
− µ
′
µ
, (12)
and through the Alve´n speed (VA) by the equilibrium density profile ρ0 (see below). If we assume an isothermal flux tube
(T ′0 = c
′
0 = 0), we recover the wave equation 4 of Afanasyev & Nakariakov (2015). Then, adding the constant magnetic
field constraint for the plasma inside the tube (B′0 = 0), the expression 3.9 of Roberts (2006) is reproduced. Finally, for the
limiting case of an infinite magnetic field (VA/c0 → ∞ with B′0 not divergent), the well-known acoustic cut-off frequency
for an isothermal-stratified medium is obtained (ωu = γg/(2c0), Lamb 1932). Whereas, the acoustic cut-off frequency for a
non-isothermal-stratified medium with varying mean atomic weight µ(z), is
ω2u =
(
γg
2c0
)2
+ γg
c′0
c0
. (13)
3 THE ATMOSPHERIC MODEL
Firstly we study slow waves in the vertical range [z0–zf] = [0–10] Mm, z0 being an arbitrary reference level fixed at the base
of the photosphere. The resulting equilibrium density considering the thin flux tube Eq. (1) is:
ρ0(z) = ρ0(z0)
c20(z0)
c20(z)
µ(z)
µ(z0)
e−
∫ z
z0
dz˜
H (z˜) ,
1
H(z) =
γg
c20
≡ − ρ
′
0
ρ0
−
(
c20
) ′
c20
.
(14)
H(z) is the atmosphere scale height. The quantities evaluated at z0 are prescribed values.
As previously done in C18, we consider along the tube an equilibrium magnetic field of the form
B0(z) = B0(z0) e−z/l, (15)
which is a valid functional form to model a divergent magnetic flux tube. Here, l is the magnetic field scale height and the
value at the base is B0(z0) ≡ B00. The radial component of the magnetic field is (see Soler et al. 2017)
Br0(r, z) = r2l B0e
−z/l (16)
(a first order radial term with magnitude Br0 ∼ RL B0). Thus, magnetic radial direction variations are negligible with respect
to longitudinal ones if R/L  1. In practise, this condition is satisfied if l ≥ 4hb, where hb = H(z0) is the scale height evaluated
at the base (hb = 0.24 Mm). The field scale parameter l controls the radial expansion of the tube. The smaller the value of
l, the more divergent the tube, and consequently the larger the decay with height of the magnetic intensity inside the tube.
Below the limit of l given by the assumed thin tube condition (l ≥ 4hb), the radial and vertical scale-lengths become of the
same order of magnitude. The limiting condition for l was calculated considering the tube radius R(z) as a function of height
and using the conservation of the magnetic flux (inside the tube). We also assumed a typical tube radius at the base of the
photosphere of R(z0) ≈ 0.1 Mm.
3.1 Temperature and Mean Atomic Weight
The equilibrium temperature is introduced in the wave equation through the profile:
T0(z) = a1 tanh
( z − a2
c
)
+ a3, (17)
where the parameters a1,2,3 and c allow the adjustment to the atmospheric solar temperature profile proposed by Vernazza
et al. (1981). The temperature variation chosen, ranges from T0(z0) = 104 K at the base of the photosphere to T0(zf) = 1.4×106 K
at coronal heights. The beginning of the transition region was set at z = 2.0 Mm.
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Table 1. Parameters for the temperature and mean atomic weight profiles.
c [Mm]i a1 [K] a2 [Mm]
j a3 [K] b
k
1 b2 [Mm] b
l
3
0.25 7×105 12 7.1×105 0.34 2.3 0.95
0.5 7×105 22 7.1×105 0.34 2.6 0.95
i The parameter that controls the width of the mean atomic weight is set to d = c/2.
j a2 = 4.0c + 2.
k b1 =
1
2 [µ(zf ) − µ(z0)]
l b3 = µ(z0) + b1
Different solar temperature profiles were modelled using the parameters shown in Table 1. The parameter c controls the
width of the transition region, where the larger values correspond to smoother transition regions. We chose two values of c, a
‘sharp’ case with c = 0.25 Mm and a ‘smooth’ case with c = 0.5 Mm. They correspond to transition region widths of ∼1.5 Mm
and ∼4 Mm, respectively. Hereafter, we shall refer to these models as the sharp and the smooth case, respectively.
From each temperature profile we compute the mean atomic weight considering only hydrogen and helium, assuming that
the ionisation state is that of coronal equilibrium. Thus, the ionisation fractions of H and He are only function of temperature,
and are set to the value that corresponds to the one at each height. The calculation was made with the chianti library and its
associated python software (Dere et al. 1997, 2019), assuming an abundance of 90% H + 10% He by number. The resulting
mean weight stratification has a similar shape (mirrored) as the temperature, thus we fit a profile
µ(z) = −b1 tanh
(
z − b2
d
)
+ b3, (18)
where the values of the coefficients are listed in Table 1 as well. The value of the mean atomic weight at the base of the (weakly
ionised) photosphere is µ(z0)=1.29, and µ(zf)=0.62 in the fully ionised corona. Notice that the parameter that determines the
width of the µ profile is different (roughly one half, d = c/2) to that of the temperature. This is because at a temperature of ∼
2×105 K the (H and He) plasma is already fully ionised. In what follows we will use the width parameter of the temperature (c)
as reference for the different models, keeping in mind that the mean atomic weight has also a sharp/smooth change associated,
albeit with a smaller width.
Figure 1a shows the temperature and mean atomic mass profiles for the two values of c mentioned above, with the sharp
transition shown in red and the smooth one in blue. The continuous lines (with the left vertical axis) correspond to the
temperature stratification, and the dashed lines (with the vertical axis on the right) to the mean atomic mass. The density
profile is determined from the hydrostatic equilibrium Eq. (14) and considering the temperature and mean atomic weight
stratifications. Figure 1b shows the density as a function of height, for the same values of c. Note that the smooth case leads
to a smaller coronal density value. At the base it is ρ0(z0) = 8.6×10−8 g cm−3, while high in the corona it is ρ0(zf) = 6.7×10−15 g
cm−3 for the sharp case (blue line) and ρ0(zf) = 1.9 × 10−15 g cm−3 for the smooth one (red line). Finally, the number density
values at the base of the photosphere for hydrogen and helium are nH = 3.6× 1016 cm−3 and nHe = 4× 1015 cm−3, respectively.
4 RESULTS AND DISCUSSION
4.1 Analytical calculation
Through the wave Eq. (7) we obtain the cut-off periods of MAG waves for a solar stratified atmosphere (Eq. 14). Figure 2
shows cut-off periods as a function of height for the sharp (blue line) and smooth (red line) cases, obtained for a magnetic
field magnitude at the base of B00 = 500 G and a magnetic scale height of l = 4hb. The periods at photospheric levels
are P(z0) = 4.8 min; they become smaller ∼[2–4] min at chromospheric and transition region altitudes, and increase up to
P(zf) = 83.4 min at coronal levels for both c values. Note that in this domain, the lower the temperature gradient results in a
displacement of the larger periods to higher altitude regions in the corona. In other words, for a given atmospheric altitude,
cut-off periods are smaller if the transition region slope is shallower.
Figure 3 allows us to compare the cut-off periods (solid lines) of different magnetic field photospheric intensities. The
figure also displays the pure acoustic cut-off period (red dashed line, Eq. 13) and the Brunt-Va¨isa¨la¨ period (black dashed line).
The parameters c = 0.25 Mm and l = 4.0hb were used for all cases. The solid blue line corresponds to B00 = 10 G, the black line
to B00 = 100 G, the cyan one to B00 = 500 G and the brown one to 1000 G. The photospheric cut-off periods are shifted towards
larger coronal heights while the magnetic field intensity increases; moving approximately 2 Mm per a factor of 10 G. Below the
transition region the periods remain almost constant, ∼5 min, regardless of the B00 value. For coronal regions (large z values),
a larger magnetic field intensity results in shorter cut-off periods. Note also that the period gap between the slow MAG waves
and the pure acoustic ones is larger as B00 increases. In general, at all heights the slow magneto-acoustic cut-off period is
MNRAS 000, 1–12 (2020)
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Figure 1. a) Temperature (solid lines, left axis) and mean atomic mass (dashed lines, right axis) profiles as a function of height for
two values of c (indicated by the colours, see the legend). The temperature changes from 104 K at the photosphere to 1.4×106 K at the
corona, while the plasma changes from weakly ionised (µ=1.29) to fully ionised (µ=0.62). b) Density profile for the same c values of the
top panel (a), obtained assuming hydrostatic equilibrium (Eq. 14).
Figure 2. Cut-off periods of MAG waves for the two different temperature profiles considering fixed magnetic field intensity B00=500. G
and a magnetic scale height l=4.0hb, hb being the scale height evaluated at the photospheric base, i.e., hb=H(z0) (see Section 3).
significantly lower than the corresponding acoustic one, except at photospheric heights where they are almost the same. At
large coronal heights the pure acoustic and the slow magneto-acoustic periods become similar, while all slow magneto-acoustic
periods converge to the Brunt-Va¨isa¨la¨ period. Summarising, for transition region and coronal altitudes, intense magnetic field
regions, such as sunspots, maintain small photospheric and chromospheric cut-off period values in comparison with quiet sun
values.
We also compare the cut-off periods calculated for different magnetic scale heights l and a given magnetic field intensity
value B00. Figure 4 shows the periods considering B00 = 100 G (top panel) and 1000 G (bottom panel). We can appreciate from
the comparison between panels of the figure, that cut-off periods are shifted towards larger heights for intense magnetic fields,
mostly at the transition region and coronal heights. On the other hand, at photospheric heights, the MAG cut-off periods
remain almost constant, around 5 min.
The colour lines of each panel show the cut-off periods for different tubes, where smaller l values represent more divergent
tubes and higher decaying factors of the magnetic field intensity. The cut-off periods are shifted towards higher altitudes for
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Cut-off periods in a solar stratified atmosphere 7
Figure 3. Cut-off periods for different magnetic field intensities B00, with fixed parameters c=0.25 Mm and l=4.0hb.
Figure 4. Cut-off periods for different magnetic scale heights l (with l in units of the scale height evaluated at the photospheric base
H(z0) = hb), with fixed parameter c=0.25 Mm and indicated magnetic field intensity B00.
increasing values of l, i.e. for magnetic intensities decaying slower with height. Notice that this behaviour is similar to the
one found considering different values of B00, suggesting that the intensity of the magnetic field along the tube influences the
cut-off periods. Figure 4 (bottom panel) also suggests that for a thin flux tube with intense magnetic field and a lower degree
of divergence (e.g., the umbra of a sunspot), the MAG cut-off period will be almost the same along the tube that goes from
the photosphere up to the corona.
Finally, we compare the obtained cut-off periods assuming the mean atomic weight profile µ(z) given by Eq. (18), with
constant µ profiles, representing a weakly ionised and a fully ionised atmospheres, revisiting C18. The upper panel of Figure 5
shows the periods considering the mean atomic weight for l = 4.0 hb, c = 0.25 Mm, and a magnetic field intensity of B00 = 500 G.
The colour scheme used in the figure is as follows: in solid blue the period values for µ(z), in dashed red the resulting periods
for an overall weakly ionised atmosphere of µw−ion=1.29, and in dashed black the results for an overall fully ionised atmosphere
with µf−ion=0.62. The bottom panel shows the equilibrium density profiles used to calculate the cut-off periods. They all share
the same coronal density value at zf . Note that the consideration of a fully ionised atmosphere leads to the underestimation
of the density at photospheric regions by three orders of magnitude. However, the resulting period values are only slightly
overestimated, by less than two minutes. At coronal heights the cut-off periods obtained with µ(z) and µf−ion coincide. The
consideration of an overall weakly ionised atmosphere implies a small underestimation of the photospheric density and an
underestimation of periods (∼20 min) at coronal levels. Note that the base scale height hb is determined by the mean atomic
MNRAS 000, 1–12 (2020)
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Figure 5. a) Cut-off periods comparison using µ(z), µw−ion=1.29 and µf−ion=0.62. With l=4.0hb, width c=0.25 Mm and shown magnetic
intensity. b) Density profiles calculated with the same parameters of panel (a). The solid blue profile is equivalent to that shown in
Figure 1, ρ0(z0) = 8.6×10−8 g cm−3 and ρ0(zf ) = 6.7×10−15 g cm−3, whereas at the base dashed red is ρw−ion0 (z0) = 3.1×10−8 g cm−3 and
dashed black is ρf−ion0 (z0) = 1.4×10−10 g cm−3. Same value for all profiles at z=zf .
weight at z=z0. However, in order to define the magnetic field scale, l = 4hb, we used the same value for all µ cases in Figure 5,
i.e., the mean atomic weight corresponding to a weakly ionised atmosphere at the base. Otherwise, if we use the corresponding
µ value for each case the overall fully ionised one will have a larger hb value and thus a larger l, and the cut-off periods
represented in dash black will be shifted toward higher altitudes (as it was discussed in Figure 4).
4.2 Comparison with a sunspot observation
The thin tube approximation is more accurate for large magnetic field intensities, thus we choose a particular sunspot
observation to make a comparison with our analytical results. For this task, we chose an AR previously studied for a different
date, namely AR 1243 (Stekel et al. 2014). An in-depth analysis of the pseudo-periodic phenomena associated to this AR
is underway (Sieyra et al., in prep) based on observations acquired on 2011 July 6 in all SDO/AIA channels. Briefly, this
AR exhibits a coherent and recurrent arc-shaped intensity disturbance that seems to propagate along several pseudo-open
field lines with origin on the sunspot. The intensity disturbances are clearly seen by naked eye in wavelet-processed images
(Stenborg et al. 2013) obtained in several extreme-ultraviolet channels of SDO/AIA. The study carried out by Stekel et al.
(2014) utilising the majority of the SDO/AIA channels and Sieyra et al. (in prep) suggested that the propagating intensity
disturbances observed were the signature of slow-mode MAG waves.
Therefore, to carry out a quick comparison of our theoretical results with actual observations, we just report here on
observations from selected channels of the SDO/AIA instrument recorded on 2011 July 3 to highlight the different periodicities
that exist at the lowermost layers of the solar atmosphere and the lower corona; namely at 1700 A˚ (continuum ultraviolet light
–photosphere and lower chromosphere), 304 A˚ (He II emission at around 5×104 K –upper chromosphere and lower transition
region) and 171 A˚ (Fe IX emission at around 6×105 K –upper transition region and quiet corona).
In the first column of Figure 6 we display three snapshots of the region of interest (ROI) in and around the AR as
recorded in the three mentioned SDO/AIA channels. In particular, in the SDO/AIA image of the photosphere at 1700 A˚ (left-
top panel), the dark umbra and grey-dark penumbra of the sunspot and the typical granular pattern from the surrounding
photosphere can be seen sharply defined. On the other hand, in the upper transition region–quiet corona counterpart as seen
at 171 A˚ (left-bottom panel), the extension of the photospheric magnetic field to coronal heights is evidenced by the ray-like,
bright features. The purple and yellow contours in the snapshots delineate the external umbra and penumbra boundaries,
which were extracted from a co-temporal continuum image recorded by the Helioseismic and Magnetic Imager (HMI, Scherrer
et al. 2012) on board SDO, with continuum intensity centred at 6173 A˚ (see Figure 7). In Figure 7, the contours indicate
the magnetic field strength (as obtained from the line of sight magnetograms from SDO/HMI). Note that the magnetic field
intensity in the umbra is ∼1000 G, then decays up to ∼100 G in the penumbra and finally takes values between [1–10] G in
the quiet sun. The negative sign indicates the magnetic field polarity.
In order to determine and compare the dominant periods present at photospheric, chromospheric and coronal heights in
the ROI captured in the images of the left panels of Figure 6 we considered 120 min of observations (starting at 12:00 UT).
Briefly, the images were treated for analysis using standard routines available in IDL SolarSoft and were corrected to keep the
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Figure 6. Upper row: From left to right, SDO/AIA cropped image at 1700 A˚ (2011 July 3 at 12:00 UT); maps of Lomb-Scargle
power in selected periodicity ranges: 2–3 min, 4–5 min, 5–4 min, and 12–13 min, respectively, as computed from the light curves in the
1700 A˚ channel. Middle and bottom rows: same as upper row but for observations obtained in the 304 A˚ and 171 A˚ channels, respectively
(extent of the time series: 120 min). The purple and yellow contours correspond to the external umbra and penumbra boundaries taken
from a co-temporal SDO/HMI continuum intensity image (see Figure 7). The white contours on the power maps represent the same as
the purple and yellow contours on the power maps.
center of the AR at the same position on each channel and all along the time sequence. The continuum images were scaled
to the plate scale of 1700 A˚, 304 A˚ y 171 A˚ images. To look for the dominant periodicities we computed the periodograms
from the light curves of the intensity at each pixel of the data sets using the Lomb-Scargle method (Press & Rybicki 1989).
Since our aim was not to compute the full power spectrum of the time series but to simply characterize the pseudo-periodic
nature of the signal observed at relatively high frequencies as permitted by the temporal cadence of the observations with our
theoretical model outcome, we restricted the search to periodicities between 1.5 and 15 min (see Ireland et al. 2015, for more
details).
The panels in columns 2 through 5 on Figure 6 display the resulting Lomb-Scargle power (normalized to the maximum
power in the [1.5–15] min range) of the corresponding time series extracted from the SDO/AIA channels and ROI indicated
on the first column, in selected 1-min periodicity bins; namely [2–3], [3–4], [4–5], and [12–13] min, respectively.The white
contours delineate the location of the external umbra and penumbra boundaries.
In agreement with well known results (e.g., De Moortel & Nakariakov 2012, and references therein), Figure 6 shows that
on averaged the chromospheric and coronal periods (second and third rows) are larger than the photospheric ones (first row),
which is also in agreement with the analytical results presented in the Figures [2–4]. In the photospheric umbra, where the
magnetic field intensity is ∼1000 G, the dominant periods are between [4–5] min, while in the chromospheric umbra we found
mainly lower periods, between [2–3] min. This feature is in accordance with the decrease of the analytical cut-off curve at the
beginning of the transition region (see Figure 4). At the coronal level, a concentration of thin flux tubes containing bundles of
intense magnetic field lines seemingly anchored to the umbra, exhibit periods between [2–3] min (see bottom row of Figure 6).
The flux tubes are initially straight and then bend higher in the corona. In the analytical scenario these regions could be
associated with flux tubes characterised by intense magnetic fields and/or less divergent radii, i.e. high B00 (∼1000 G) and/or
l values, where the periods remain low from the photosphere up to the corona (see bottom panel of Figure 4). Upwards, when
the magnetic flux tubes become more divergent and/or more inclined, larger periods are measured along the features that trace
these magnetic structures. Towards the penumbra, around the umbra sunspot, where the flux tubes have less intense magnetic
fields and/or are more divergent, the periods increase (see upper panel of Figure 4), in agreement with others observational
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Figure 7. Continuum intensity image from SDO/HMI at 12:00 UT and magnetic field contours (in G) taken from LOS magnetogram
also from SDO/HMI at 12:00 UT.
studies (Madsen et al. 2015; Sych & Nakariakov 2014; Freij et al. 2014; Jess et al. 2013). Within the analytical framework this
fact could be attributed to small l values and/or B00, as can be seen in Figure 7.
Summarising, in the photospheric, chromospheric and coronal umbra, where the magnetic flux tubes are expected to
be thin, straight and with strong magnetic field intensity as was modelled by large B00 and l values, the observational and
analytical results coincide displaying low periods (≤5 min). At the penumbra, where the magnetic flux tubes are expected to
have a weaker magnetic field and/or be more divergent, which may be considered to have a smaller intensity B00 and/or l
values, the observed periods are higher than the corresponding umbral ones.
5 CONCLUSIONS
In this work, we derived the cut-off periods of slow MAG waves in the solar atmosphere, from the photosphere through the
lower corona, using a thin flux tube model which includes a temperature and mean atomic weight stratification with height.
In particular, we studied the effect of a strong temperature gradient on the value of the cut-off periods (Deres & Anfinogentov
2015), the variations of the mean atomic mass, as well as the strength and degree of divergence of the magnetic thin tubes
that emerge from the photosphere at localised magnetic features, such as sunspots, and that expand towards the corona.
The periods obtained are in accordance with known results from literature (e.g. C18, Afanasyev & Nakariakov 2015; Sych &
Nakariakov 2014; De Moortel & Nakariakov 2012; Roberts 2006). We obtained results that show that the cut-off values vary
with height and mostly depend on the atmospheric stratification and intensity of the magnetic field.
As the accuracy of the model is mostly confined to large magnetic field values, we compared our results with observational
data obtained from a sunspot and its coronal counterpart. For these type of intense magnetic field regions, we showed that
magnetic tube regions almost straight (i.e., regions with larger values of l) are associated with low periods (∼5 min). Also,
as the magnetic field strength remains sufficiently high, the magnetic tubes remain almost straight and the periods remain
relatively small at higher altitudes in the solar atmosphere, e.g., small periods are characteristics at all solar atmospheric
levels for structures above umbra sunspots (e.g. Marsh & Walsh 2006; De Moortel et al. 2002). Whereas more divergent flux
tubes or less intense magnetic fields (typically found at high coronal levels) are associated with longer periods.
Sunspot images are complex objects, where superposition of different atmospheric layers and frequencies together with
projection issues occur, nonetheless this analytic cut-off frequency scenario can capture the main sunspot period features.
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APPENDIX A:
With the aim of obtaining an expression for the cut-off period, the wave Eq. (7) is reduced to a Klein-Gordon form (see,
e.g., Morse & Feshbach 1953). The main idea of this procedure is to eliminate the first partial derivative of the longitudinal
velocity (∂u/∂z) in the wave Eq. (7), i.e., the term accompanied by the function K1(z). Thus, a change of variable is made,
proposing u(z, t) = eψ(z)U(z, t). After replacing it in the wave equation and identifying ψ′ = K1/(2c2T), a Klein-Gordon equation
for the new variable U(z, t) is obtained
∂2U
∂t2
− c2T
∂2U
∂z2
+ ω2uU = 0, (A1)
which contain explicitly the cut-off frequency that is equal to
ω2u(z) = −c2T
(
ψ′
)2 − c2Tψ′′ + K1ψ′ + K2. (A2)
The general expression for the cut-off frequency squared ω2u(z) is:
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(A3)
The cut-off frequency was written in terms of generals magnetic field B0(z), Alve´n speed VA(z), sound speed c0(z), their
derivatives and tube speed cT(z). In its turn the explicit expression for the cut-off period is obtained from P(z) = 2pi/ωu(z).
The Eq. (A3) is valid for the z-dependent equation of state (2), arbitrary although consistent equilibrium profiles for
density ρ0(z), temperature T0(z) and mean atomic weight µ(z), and a general magnetic field B0(z) (valid in the framework of
the thin flux tube model).
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